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Abstract
All Frobenius algebras Γ with separable factor algebra Γ/ radΓ are constructed as factors of
tensor algebras. Further, fixing a separable algebra A, a bimodule AVA and a natural number n,
the set An(A,V ) of all representatives of isomorphism classes of Frobenius algebras Γ with the
properties (1) Γ/ radΓ ∼=A, (2) A(radΓ/ rad2 Γ )A ∼= V , and (3) radn Γ = 0 is investigated.
 2003 Elsevier Inc. All rights reserved.
1. Introduction
In the paper [3], the author studied stable equivalences between self-injective algebras
by using generalized tilting modules, in which self-injective algebras were constructed
from nilpotent self-injective algebras. It was useful to consider structure of self-injective
algebras by using nilpotent self-injective algebras. However, it is not easy to construct all
possible nilpotent self-injective algebras generally. Therefore, it is necessary to look for
another way of constructing self-injective algebras. In this paper, we construct Frobenius
algebras as factors of tensor algebras. This is a continuation of the previous paper [4] in
which we studied only graded Frobenius algebras.
Let Λ be a finite-dimensional algebra over a field K . We denote by D(?) the duality
functor HomK(?,K) and by π : 1 → D2 the canonical natural isomorphism. For any
element f ∈D(Λ), we have two morphisms
(f ?) :ΛΛ→D(Λ)Λ (λ → f · λ) and (?f ) :ΛΛ→ ΛD(Λ) (λ → λ · f ).
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we have an exact sequence
0→Ker(f ?)→Λ (f ?)−→D(Λ)→D(Ker(?f ))→ 0
and, therefore, obtain an isomorphism
Λ/Ker(f ?)∼=D(Λ/Ker(?f )).
An algebra Λ is called Frobenius if its right regular module ΛΛ is isomorphic to D(Λ)Λ.
By the above isomorphism, when the condition Ker(f ?) = Ker(?f ) is satisfied for an
element f ∈ D(Λ), we have a Frobenius factor algebra Λ/Ker(f ?). Conversely, for an
ideal I ⊆Λ, if the factor algebra Λ/I is Frobenius, it is proved in Proposition 1 that I is
of the form Ker(f ?)=Ker(?f ) for a suitable element f ∈D(Λ).
We define the subset QΛ of D(Λ) by
QΛ =
{
f ∈D(Λ) ∣∣ Ker(f ?)=Ker(?f )}.
For an element f ∈ QΛ, we denote the ideal Ker(f ?) = Ker(?f ) by Ann(f ) and the
Frobenius factor algebra Λ/Ann(f ) by Λf .
Generally, for a vector subspace I ⊆ Λ, we identify the dual space D(Λ/I) with the
subspace {h ∈D(Λ) | h(I)= 0} ⊆D(Λ).
Denote by Λ× the group of all invertible elements of Λ. The group Λ× acts on the
set D(Λ) through the operation of Λ to the right module D(Λ)Λ. It is checked that the
subset QΛ is closed under the action and we have a right Λ×-space QΛ. It is proved in
Theorem 4, for two elements f,g ∈QΛ, that the condition Ann(f )=Ann(g) is equivalent
to f ·Λ× = g ·Λ×. Therefore, the orbit space QΛ/Λ× can be seen as the set of all ideals
I ⊆Λ whose factor algebras Λ/I are Frobenius.
Since the group AutK(Λ) of all K-algebra automorphisms acts naturally on Λ×, we
can define semi-direct product GΛ =AutK(Λ)Λ× by the multiplication
(σ, c) · (τ, d)= (στ, τ−1(c)d)
for (σ, c), (τ, d) ∈ AutK(Λ) ×Λ×. Further, the group AutK(Λ) acts on QΛ by defining
f ·σ = f ◦σ for f ∈QΛ and σ ∈AutK(Λ). Then, it is easily seen that the setQΛ becomes
a right GΛ-space by the action
f · (σ, c)= (f ◦ σ) · c,
where f ∈QΛ and (σ, c) ∈ GΛ.
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f,g ∈QΛ, that the condition f ·GΛ = g ·GΛ is equivalent to the existence of the following
commutative diagram:
Λ
α
ρf
Λ
ρg
Λf
β
Λg,
where ρf ,ρg are the projection maps and α,β suitable K-algebra isomorphisms.
We want to know when two algebras Λf and Λg are isomorphic over K , and the above
condition looks very closed to the answer. In fact, if all K-algebra isomorphisms β were
lifted to the K-algebra automorphisms α, the above condition would be equivalent to the
condition that Λf and Λg are simply K-isomorphic. However, this “lifting question” looks
hard to solve in general. So, we put a restriction on our algebra Λ.
Suppose that the algebra Λ/ radΛ is K-separable. Then, by Wedderburn–Malcev
theorem, we have a subalgebra A and a decomposition AΛA = AAA ⊕ A radΛA. Further,
since the enveloping algebra Ac =Aop⊗K A is semi-simple, there exists an Ae-submodule
V of radΛ such that A radΛA = AVA ⊕ A rad2 ΛA. Using those things, we have an
expression Λ = (A ⊕ V ) ⊕ (V 2 + V 3 + · · ·). This means that the algebra Λ is a factor
algebra of the tensor algebra
TA(V )=A V ⊕ V ⊗2 ⊕ V⊗3 ⊕ · · · (⊗=⊗A)
by an admissible ideal, that is, Λ= TA(V )/L with an ideal L⊆ TA(V ) such that (V ⊗n)⊆
L⊆ (V⊗2) for some n 2. So, in order to study all Frobenius factor algebras of Λ, we may
suppose that Λ is of the form TA(V )/(V ⊗n) for some integer n, because all factor algebras
of Λ are factor algebras of TA(V )/(V⊗n). For an algebra Λ= TA(V )/(V⊗n) and for two
elements f,g ∈QΛ such that Ann(f ),Ann(g) ⊆ rad2 Λ, it is proved in Theorem 13 that
any K-algebra isomorphism β :Λf → Λg can be lifted to an K-algebra automorphism
α :Λ→Λ.
Therefore, for an element f ∈QΛ with Ann(f )⊆ rad2 Λ, the Nakayama automorphism
νf :Λf → Λf is lifted to an automorphism σ :Λ→ Λ. Then (f ?) is a morphism from
ΛΛΛ to σD(Λ)Λ. This means that f satisfies f ([a, b]σ ) = 0 for any elements a, b ∈Λ,
where [a, b]σ is the skew commutator a · b − b · σ(a). Define [Λ,Λ]σ to be the vector
subspace of Λ spaned by all elements of the form [a, b]σ . Then, the above property implies
that f is contained in D(Λ/[Λ,Λ]σ ). Conversely, for any automorphism σ ∈AutK(Λ), it
is checked that D(Λ/[Λ,Λ]σ )⊆QΛ. Define Q#Λ to be the subset of QΛ consisting of all
elements f with Ann(f )⊆ rad2 Λ. Then we have
Q#Λ ⊆
⋃
D
(
Λ
/[Λ,Λ]σ )⊆QΛ.σ∈AutK(Λ)
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is in bijection to the set An(A,V ) of all representatives of Frobenius algebras Γ satisfying
(1) Γ/ radΓ ∼=A,
(2) radΓ/ rad2 Γ ∼= V , and
(3) radn Γ = 0.
2. Frobenius factor algebras
First, we review the basic, well-known results on self-injective algebras which will be
used in the present paper. For details, we refer to Curtis and Reiner [1] or Yamagata [2].
A finite-dimensional algebra Λ over the ground field K is said to be self-injective if
the right regular module ΛΛ is injective. This is equivalent to saying that the left regular
module ΛΛ is injective. This property of a finite-dimensional algebra is Morita invariant.
So, an algebra is self-injective if and only if so is its basic algebra. Therefore, in order
to study self-injective algebras, it is enough to consider self-injective basic algebras. For
a basic algebra Λ, the condition to be self-injective is equivalent to the existence of an
isomorphism
ΛΛ ∼=D(Λ)Λ,
where D(?) denotes the canonical duality functor HomK(?,K). An algebra with this
property is said to be Frobenius. Hence, to study self-injective algebras, we may suppose
that our algebras are Frobenius.
Let Λ be a Frobenius algebra with an isomorphism (f ?) :ΛΛ →D(Λ)Λ for some ele-
ment f ∈D(Λ). Since we have a K-algebra isomorphism Λ= End(ΛΛ)∼= End(D(Λ)Λ),
there is an automorphism νf ∈AutK(Λ) such that (f ?) becomes an isomorphism between
bimodules ΛΛΛ and νfD(Λ)Λ, that is, f (a · b − b · νf (a)) = 0 for elements a, b ∈ Λ.
The automorphism νf is called the Nakayama automorphism corresponding to an element
f ∈D(Λ).
We may ask the structure of the set NΛ consisting of all elements f of D(Λ) such that
the maps (f ?) :Λ→D(Λ) are bijective and, as an answer, we have
NΛ =Λ× · f = f ·Λ×
for any element f ∈ NΛ we choose. For f ∈ NΛ and c ∈ Λ×, the relationship of the
Nakayama automorphisms νf , νf c, and νcf is given by
νf c = νf ◦
(
c?c−1
)
and νcf =
(
c?c−1
) ◦ νf .
As quoted in Section 1, the subset QΛ ⊆D(Λ) is defined by
QΛ =
{
f ∈D(Λ) ∣∣Ker(f ?)=Ker(?f )}
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factor algebra Λ/Ann(f ) by Λf . We begin our argument by the following result.
Proposition 1. The following conditions are equivalent for an ideal I of Λ:
(1) The factor algebra Λ/I is Frobenius;
(2) I =Ann(f ) for some element f ∈QΛ.
Proof. (1) ⇒ (2). Since the factor algebra Λ¯ = Λ/I is Frobenius, we have an element
f ∈ D(Λ¯) such that two morphisms (f ?) : Λ¯Λ¯ → D(Λ¯)Λ¯ and (?f ) :ΛΛ¯→ Λ¯D(Λ¯) are
bijective. We consider f as an element of D(Λ) by our identification
D(Λ¯)=D(Λ/I)= {h ∈D(Λ) ∣∣ h(I)= 0}⊆D(Λ).
Then, it is easy to see KerΛ(f ?)= I and KerΛ(?f )= I .
(2) ⇒ (1). For an element f ∈QΛ, we have
(f ·Λ)(Ann(f ))= f (Ann(f ))= (f ·Ann(f ))(1)= 0,
and Im(f ?)= fΛ⊆D(Λ/Ann(f )). Therefore, the morphism (f ?) :Λ→D(Λ) induces
an injection Λf →D(Λf ), and since both spaces have the same K-dimension, this map
must be bijective. ✷
Proposition 2. For any elements f ∈QΛ and c ∈Λ×, we have f ·c ∈QΛ and Ann(f ·c)=
Ann(f ), where Λ× is the group of all invertible elements of Λ.
Proof. It is easy to see that Ker(f · c?) = c−1 · Ann(f ) = Ann(f ). Similarly, since
(a · f · c)(Λ) = f (cΛa) = f (Λa) = (a · f )(Λ) for any element a ∈ Λ, we have that
Ker(?f · c)=Ker(?f )=Ann(f ). ✷
Though it seems that the following result is well-known, we give a proof for
completeness.
Lemma 3. An ideal I ⊆Λ contains nonzero idempotents exactly when I  radΛ. Further,
when the ideal I contains nonzero idempotents, we can choose a nonzero idempotent e ∈ I
with the property I = eΛ+ I ∩ radΛ.
Proof. If I includes a nonzero idempotent, we have I  radΛ obviously. Conversely,
suppose that I  radΛ, then (I + radΛ)/ radΛ is a nonzero submodule of the semi-
simple module Λ/ radΛ. Therefore, we have a nonzero idempotent e¯ ∈ Λ/ radΛ and
(I + radΛ)/ radΛ= e¯Λ/ radΛ. We may suppose e2 = e since radΛ is a nilpotent ideal.
From I + radΛ = eΛ + radΛ, we obtain eΛe = e(eΛ + radΛ)e = e(I + radΛ)e =
eIe + e(radΛ)e = eIe + rad(eΛe). Hence, the equality eIe = eΛe holds, because
rad(eΛe) is small in eΛe as a module over eΛe. Therefore, we have e ∈ eΛe ⊆ I and
I = I ∩ (I + radΛ)= I ∩ (eΛ+ radΛ)= eΛ+ I ∩ radΛ. ✷
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(1) Ann(f )=Ann(g);
(2) f ·Λ× = g ·Λ×.
Proof. (2) ⇒ (1). This is already proved in Proposition 2.
(1) ⇒ (2). Since, both f and g are generators of a Λf -module D(Λf )=D(Λg), there
is an element c¯ ∈ (Λf )× such that g = f · c¯= f · c. We have to show that it is possible to
choose an element c ∈ c¯ from Λ×. In the case Ann(f )⊆ radΛ, since the module Ann(f )Λ
is small in ΛΛ and the equality cΛ+ Ann(f )=Λ holds, we have cΛ=Λ and c ∈Λ×.
Next, we consider the case Ann(f )  radΛ. By the above lemma, we may suppose that
Ann(f )= eΛ+Ann(f )∩ rad(Λ) for an idempotent e ∈Λ. Put e′ = 1− e. Then we have
Ann(f )=
(
eΛe eΛe′
e′Λe Ann(f )∩ e′Λe′
)
⊆
(
eΛe eΛe′
e′Λe e′Λe′
)
=Λ,
and obtain an isomorphism θ :Λf =Λ/Ann(f )∼= e′Λe′/Ann(f )∩ e′Λe′. Now, consider
the following commutative diagram of group homomorphisms
Λ×
ρf
(Λf )
×
θ
(e′Λe′)×
ι
ρ
(
e′Λe′/Ann(f )∩ e′Λe′)×,
where ι : e′Λe′ → Λ is the map defined by ι(e′λe′) = ( e 00 e′λe′) for any element e′λe′ ∈
e′Λe′, and ρf :Λ → Λf and ρ : e′Λe′ → e′Λe′/Ann(f ) ∩ e′Λe′ are the canonical
projection maps. In the above diagram, the map ρ : (e′Λe′)× → (e′Λe′/Ann(f )∩ e′Λe′)×
is surjective since the ideal
Ker(ρ)=Ann(f ) ∩ e′Λe′ = e′Ann(f )e′ = e′(eΛ+Ann(f )∩ radΛ)e′
= e′(Ann(f )∩ radΛ)e′
in e′Λe′ is nilpotent. Therefore, the map ρf :Λ×→Λ×f is also surjective because the map
ι sends invertible elements to invertible elements. ✷
We summarize the results obtained in this section as follows: Let FA be the set of all
ideals I ⊆ Λ such that the factor algebras Λ/I are Frobenius. Proposition 1 means that
the map Ann :QΛ → FΛ (f → Ann(f )) is defined and surjective. The group Λ× acts
naturally on QΛ. Theorem 4 implies that the map Ann induces a bijection QΛ/Λ× ∼=FΛ.
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For any automorphism σ ∈AutK(Λ), we define the subset Q(σ )⊆D(Λ) by
Q(σ )= {f ∈D(Λ) ∣∣ (f ?) is a morphism from ΛΛΛ to σD(Λ)Λ}.
An element f ∈D(Λ) is in Q(σ ) if and only if f (a · b − b · σ(a))= 0 for all a, b ∈Λ.
Put [a, b]σ = a · b − b · σ(a) and denote by [Λ,Λ]σ the vector subspace of Λ spaned by
all elements of the form [a, b]σ . Then, we have Q(σ )=D(Λ/[Λ,Λ]σ ) obviously.
Proposition 5. For any automorphism σ ∈ AutK(Λ) and any element f ∈ Q(σ ), the
following assertions hold:
(1) Q(σ )⊆QΛ;
(2) σ(Ann(f ))=Ann(f ).
Proof. By the property of an element f in Q(σ ), we have
(f · a)(Λ)= f (aΛ)= f (a · σ(Λ))= (σ(Λ) · f )(a)= (f ·Λ)(a)= f (Λa)
= (a · f )(Λ).
This implies Ker(f ?)= Ker(?f ) and we get f ∈QΛ. This proves the first assertion. The
second assertion follows directly from σ(a) · f = f · a. ✷
The second assertion of the above proposition means that σ induces an automorphism
σf ∈ AutK(Λf ) and that the morphism (f ?) :ΛΛΛ → σD(Λ)Λ induces a bimodule
isomorphism
Λf (Λf )Λf → σf D(Λf )Λf .
Therefore, σf is the Nakayama automorphism of Λf corresponding to f ∈NΛf . By the
first assertion, we have ⋃
σ∈AutK(Λ)
Q(σ )⊆QΛ.
Following in this section, we will show that the above inclusion is generally proper.
Suppose that A is a Frobenius algebra with an isomorphism
(f ?) :AAA→ νD(A)A,
where ν is the Nakayama automorphism of A corresponding to f ∈ NA ⊆ D(A). Let
Λ = A  I be the trivial extension algebra of A by a bimodule AIA. Define the element
fˆ ∈D(Λ) by fˆ ((a, x))= f (a) for a ∈A and x ∈ I .
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Proof. We have (fˆ · (a, x))((b, y)) = fˆ ((a, x)(b, y)) = fˆ ((ab, ay + xb)) = f (ab) =
(f · a)(b) for any elements (a, x), (b, y)∈Λ. Therefore, we get
fˆ · (a, x)= 0 ⇔ f · a = 0 ⇔ a = 0
and Ker(fˆ ?)= I . The equality Ker(?fˆ )= I is proved similarly. ✷
Proposition 7. The following assertions are equivalent:
(1) fˆ ∈Q(σ ) for some σ ∈AutK(Λ);
(2) There exists a bimodule isomorphism AIA ∼= νIν .
Proof. (1) ⇒ (2). It is easy to see that (fˆ ?) coincides with the composition of morphisms
D(ρ) ◦ (f ?) ◦ ρ :Λ→A→D(A)→D(Λ),
where ρ :Λ→ A is the projection map. Therefore, we have σ(I) = I , and this implies
that ν is the map induced from σ . Moreover, as a linear map, σ :A ⊕ I → A ⊕ I can
be expressed by the matrix
( ν 0
g h
)
, with linear maps g :A → I and h : I → I . Hence
σ((a, x))= (ν(a), g(a)+ h(x)) holds for an element (a, x) ∈Λ. Then, by comparing two
expressions
σ
(
(a, x)(b, y)
)= (ν(ab), g(ab)+ h(ay)+ h(xb)) and
σ
(
(a, x)
)
σ
(
(b, y)
)= (ν(a)ν(b), ν(a)g(b)+ g(a)ν(b)+ ν(a)h(y)+ h(x)ν(b)),
we see that g(ab)= ν(a)g(b)+ g(a)ν(b) and that h is a bimodule morphism from AIA
to νIν . Further, the map h must be bijective since so is σ .
(2) ⇒ (1). Conversely, suppose that an isomorphism h :AIA → νIν is given. Then, by
setting σ = ( ν 00 h ) :A⊕ I →A⊕ I , it is checked that σ ∈AutK(Λ) and fˆ ∈Q(σ ). ✷
Generally, we denote by Q∗Λ the subset
⋃
σ∈AutK(Λ)Q(σ ) of QΛ. For Λ = A I , by
the above results, we have Q∗Λ =QΛ when AIA is not isomorphic to νIν .
4. Orbit spacesQΛ/GΛ andQ∗Λ/GΛ
The group AutK(Λ) acts on Λ× naturally. Using this action, we may consider the group
GΛ =AutK(Λ)Λ× by the product
(σ, c) · (τ, d)= (σ ◦ τ, τ−1(c), d)
for (σ, c), (τ, d) ∈ GΛ. It is checked that 1G = (idΛ,1Λ) and (σ, c)−1 = (σ−1, σ (c−1)).Λ
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becomes a right GΛ-space. The subset QΛ ⊆D(Λ) is closed under the action, therefore,
QΛ is also a right GΛ-space.
Proof. For f ∈D(Λ), a ∈Λ and (σ, c), (τ, d) ∈ GΛ, we have
((
f · (σ, c)) · (τ, d))(a)= ((f ◦ σ · c) · (τ, d))(a)= ((f ◦ σ · c) ◦ τ · d)(a)
= (f ◦ σ · c)(τ (d)τ (a))
and
(f ◦ σ · c)(τ (d)τ (a))= (f ◦ σ ◦ τ · (τ−1(c)d))(a)= (f · (σ ◦ τ, τ−1(c)d))(a)
= (f · ((σ, c) · (τ, d)))(a).
This proves (f · (σ, c)) · (τ, d)= f · ((σ, c) · (τ, d)) and we get the first assertion. To prove
the second assertion, we only have to show f ◦ σ ∈QΛ for f ∈QΛ and σ ∈AutK(Λ), by
Proposition 2. Since the equality ((f ◦ σ) · a)(Λ)= (f · σ(a))(Λ) and (a · (f ◦ σ))(Λ)=
(σ (a) · f )(Λ) hold for a ∈Λ, we have
Ker
(
(f ◦ σ)?)= σ−1(Ker(f ?))= σ−1(Ker(?f ))=Ker(?(f ◦ σ)).
Thus, we get f ◦ σ ∈QΛ. ✷
Theorem 9. For elements f,g ∈QΛ, the following conditions are equivalent:
(1) σ(Ann(g))=Ann(f ) for some σ ∈AutK(Λ);
(2) f · GΛ = g · GΛ.
Proof. (2) ⇒ (1). Let us put g = f · (σ, c) for (σ, c) ∈ GΛ. Then, by Proposition 8 and
Theorem 4, we have
σ
(
Ann(g)
)= σ (Ann(f · (σ, c)))= σ (Ann(f ) ◦ σ )=Ann(f ).
(1) ⇒ (2). By the proof of Proposition 8, we have that Ann(g) = σ−1(Ann(f )) =
Ann(f ◦ σ). Therefore, by Theorem 4, there is an element c ∈ Λ× by which g = (f ◦
σ) · c= f · (σ, c) ∈ f · GΛ. ✷
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lift∼= Λg if there exists a K-algebra isomorphism
β :Λf →Λg to which there is a K-algebra automorphism α of Λ such that the diagram
Λ
α
ρf
Λ
ρg
Λf
β
Λg
is commutative. The implication Λf
lift∼= Λg ⇒ Λf ∼=Λg holds obviously. But, we do not
know whether the converse holds in general. The above result implies that the condition
f · GΛ = g · GΛ is equivalent to Λf
lift∼= Λg .
Proposition 10. For any elements σ ∈ AutK(Λ) and (τ, c) ∈ GΛ, the inclusion Q(σ ) ·
(τ, c)⊆Q(τ−1 ◦ σ ◦ τ ◦ (c?c−1)) holds. Hence, the set Q∗Λ is also a right GΛ-space.
Proof. It is enough to prove two assertions (i) f ◦ τ ∈ Q(τ−1 ◦ σ ◦ τ ) and (ii) f · c ∈
Q(σ ◦ (c?c−1)), for an element f ∈Q(σ ).
(i) For a, b ∈Λ, we have
(f ◦ τ )(ab)= f (τ (a)τ (b))= f (τ (b)σ (τ (a)))= (f ◦ τ )(bτ−1(σ (τ (a)))).
This means f ◦ τ ∈Q(τ−1 ◦ σ ◦ τ ).
(ii) Similarly for a, b ∈Λ, we have
(f · c)(ab)= f (bσ(ca))= (f · c)(c−1bσ(ca))= (f · c)(bσ(ca)σ (c−1))
= (f · c)(bσ (cac−1)).
Hence, we have f · c ∈Q(σ ◦ (c?c−1)). This finishes the proof. ✷
In the set FΛ = {I ⊆Λ |Λ/I is Frobenius}, we define the equivalence relation lift∼ by
I
lift∼ J ⇔ Λ/I lift∼= Λ/J.
Theorem 9 means that the orbit spaceQΛ/GΛ is in bijection to the quotient space FΛ/ lift∼.
Similarly, if we denote by F∗Λ the set of all ideals of Λ which are of the form Ann(f )
for some f ∈Q∗Λ, then the orbit space Q∗Λ/GΛ is in bijection to F∗Λ/
lift∼. Concerning the
action of GΛ on the set Q∗Λ, we have the following two propositions.
Proposition 11. By defining as σ · (τ, c) = τ−1 ◦ σ ◦ τ ◦ (c?c−1) for σ ∈ AutK(Λ) and
(τ, c) ∈ GΛ, AutK(Λ) becomes a right GΛ-space.
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Q(σ ) · (τ, c)=Q(σ · (τ, c)).
Proof. First, we note that (c?c−1) ◦ κ = κ ◦ (κ−1(c)?κ−1(c−1)) holds for c ∈ Λ× and
κ ∈AutK(Λ). Then, for σ ∈AutK(Λ) and (τ, c), (κ, d) ∈ GΛ, we have
(
σ · (τ, c)) · (κ, d)= (τ−1 ◦ σ ◦ τ ◦ (c?c−1)) · (κ, d)
= κ−1 ◦ τ−1 ◦ σ ◦ τ ◦ (c?c−1) ◦ κ ◦ (d?d−1)
= κ−1 ◦ τ−1 ◦ σ ◦ τ ◦ κ ◦ (κ−1(c)?κ−1(c−1)) ◦ (d?d−1)
= (τ ◦ κ)−1σ ◦ (τ ◦ τ ) ◦ (κ−1(c)d?d−1κ−1(c−1))
= σ · (τ ◦ κ, κ−1(c)d)= σ · ((τ, c) · (κ, d)).
This finishes the proof. ✷
Proposition 12. For σ ∈AutK(Λ), c ∈Λ× and f ∈Q(σ ), the equality
f ◦ (c?c−1)= f · (σ−1(c−1)c)
holds.
Proof. For any element a ∈Λ, we have
(
f ◦ (c?c−1))(a)= f (cac−1)= f (σ−1(c−1)ca)= (f · σ−1(c−1)c)(a).
Hence, we get f ◦ (c?c−1)= f · (σ−1(c−1)c). ✷
The subgroup InnK(Λ) ∼= Λ×/Z(Λ) ∩ Λ×((c?c−1) ↔ c · Z(Λ) ∩ Λ×) of all inner
automorphisms is normal in AutK(Λ), where Z(Λ) is the center of Λ. We put OutK(Λ)=
AutK(Λ)/ InnK(Λ), the outer automorphism group of Λ. The group AutK(Λ)∼= GΛ/Λ×
acts on F∗Λ ∼= Q∗Λ/Λ×. Then, Proposition 12 implies that InnK(Λ) acts on F∗Λ trivially.
Therefore, the group OutK(Λ) acts on F∗Λ and we have bijections
F∗Λ/
lift∼ ∼=Q∗Λ/GΛ ∼=F∗Λ/OutK(Λ).
5. Lifting of algebra isomorphisms
As mentioned in Section 1, in order to study all Frobenius factor algebras of Λ, we want
to know the condition on Λ under which the implication
Λf ∼=Λg ⇒ Λf
lift∼= Λg
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algebra Λ that the factor algebra Λ/ radΛ is K-separable.
Under this assumption, there exists a subalgebra A ⊆ Λ such that Λ decomposes as
A⊕ radΛ over the enveloping algebra Ae =Aop ⊗K A, by Wedderburn–Malcev theorem.
Further, since Ae is a semi-simple algebra, we can choose an Ae-submodule V ⊆ radΛ
such that radΛ= V ⊕ rad2 Λ. Then, by induction on k, we have radk Λ= V k + radk+1 Λ
for each k  1. We suppose that the nilpotency index of radΛ is n, that is, radn Λ= 0 but
radn−1 Λ = 0. Then, we have
Λ= (A⊕ V )⊕ (V 2 + V 3 + · · · + V n−1).
This means that Λ is isomorphic to a factor algebra of the tensor algebra
TA(V )=A⊕ V ⊕ V ⊗2 ⊕ V⊗3 ⊕ · · · (⊗=⊗A)
by an ideal L with (V⊗n)⊆ L⊆ (V ⊗2) but (V⊗(n−1)) L. Generally, such an ideal L in
TA(V ) is called an admissible ideal.
Since we are concerned with Frobenius factor algebras of Λ and all factor algebras of Λ
are considered as factor algebras of TA(V )/(V ⊗n), we may suppose Λ = TA(V )/(V ⊗n)
and prove the following result.
Theorem 13. Let I and J be ideals of Λ = TA(V )/(V⊗n) included in rad2 Λ. Then, any
K-algebra isomorphism β :Λ/I → Λ/J can be lifted to a K-algebra automorphism α
of Λ, so that the diagram
Λ
α
ρI
Λ
ρJ
Λ/I
β
Λ/J
is commutative, where ρI and ρJ are the canonical projection maps.
Proof. Step 1. We have Λ/J = β(Λ/I) = β(A) ⊕ β(V ) ⊕ rad2(Λ/J ) according to
Λ/I =A⊕ V ⊕ rad2(Λ/I). Then, since β(V ) is a bimodule over β(A), we may consider
the algebra Tβ(A)(β(V ))/(β(V )⊗n). Define the map
βˆ :TA(V )
/(
V ⊗n
)→ Tβ(A)(β(V ))/(β(V )⊗n),
as a map from the direct sum A⊕ V ⊕ V⊗2 ⊕ · · · ⊕ V ⊗(n−1) to the direct sum β(A)⊕
β(V )⊕ β(V )⊗2 ⊕ · · · ⊕ β(V )⊗(n−1), by


β|A 0 · · · 0
0 β|V · · · 0
...
...
. . .
...
⊗(n−1)

 .0 0 · · · (β|V )
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algebra morphism ρˆ :Tβ(A)(β(V ))/(β(V )⊗n)→ Λ/J as the composition of morphisms
β ◦ ρI ◦ βˆ−1 so that we get the commutative diagram
A⊕ V ⊕⊕n−1k=2 V ⊗k βˆ
ρI
β(A)⊕ β(V )⊕⊕n−1k=2 β(V )⊗k
ρˆ
A⊕ V ⊕⊕n−1k=2 V ⊗k/I β β(A)⊕ β(V )⊕ β(⊕n−1k=2 V ⊗k/I).
Step 2. We have Λ/J = β(A)⊕ radΛ/J =A⊕ radΛ/J since β(radΛ/I)= radΛ/J .
Then, by Wedderburn–Malcev theorem, there is an element x ∈ radΛ/J such that
β(A)= (1− x)−1A(1− x).
Put c = 1 − x . By the same way as in Step 1 (in place of β we put the K-algebra
automorphism (c−1?c) :Λ/J → Λ/J ), we have the commutative diagram of K-algebra
morphisms
c−1Ac⊕ c−1V c⊕⊕n−1k=2(c−1V c)⊗k
γ
A⊕ V ⊕⊕n−1k=2 V ⊗kθ
ρJ
c−1Ac⊕ c−1V c⊕ c−1(⊕n−1k=2 V⊗k/J )c A⊕ V ⊕⊕n−1k=2 V⊗k/J,(c−1?c)
where θ is bijective, γ = (c−1?c) ◦ ρJ ◦ θ−1 surjective and the range of θ is the algebra
Tc−1Ac
(
c−1V c
)/((
c−1V c
)⊗n)
.
Step 3. Consider the identity map of Λ/J as a map from
β(A)⊕ β(V )⊕ β
(
n−1⊕
k=2
V ⊗k/I
)
to c−1Ac⊕ c−1V c⊕ c−1
(
n−1⊕
k=2
V⊗k/J
)
c,
then it can be seen that idΛ/J is of the form
( idc−1Λc 0 0
0 s 0
0 t idrad2 Λ/J
)
,
where s :β(V ) → c−1V c and t :β(V ) → c−1(⊕n−1k=2 V ⊗k/J )c. Expressing each mor-
phism by matrix according to the direct sum decomposition of its domain and range, we see
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map
γ |rest :
n−1⊕
k=2
(
c−1V c
)⊗k → c−1
(
n−1⊕
k=2
V ⊗k/J
)
c.
Further, since A ∼= β(A) = c−1Ac is K-separable and Ae is semi-simple, Ae-module
morphism t can be lifted to tˆ through the epimorphism γ |rest and we get the commutative
diagram
β(V )
tˆ
=
⊕n−1
k=2
(
c−1V c
)⊗k
γ |rest
β(V )
t
c−1
(⊕n−1
k=2 V ⊗k/J
)
c.
Then, the maps s and tˆ naturally induce the map
ui :β(V )
⊗i →
n−1⊕
k=2
(
c−1V c
)⊗k
for each 2 i  n− 1, in such a way that
ui(x1 ⊗ · · · ⊗ xi)=
(
s
tˆ
)
(x1)⊗ · · · ⊗
(
s
tˆ
)
(xi)
holds in Tc−1Ac(c−1V c)((c−1V c)⊗n) for any x1 ⊗ · · · ⊗ xi ∈ β(V )⊗i . Using those maps
u2, u3, . . . , un−1, we can define the map
u :
n−1⊕
k=2
β(V )⊗k →
n−1⊕
k=2
(
c−1V c
)⊗k
and get a K-algebra isomorphism
η=
( idc−1Ac 0 0
0 s 0
0 tˆ u
)
from
Tβ(A)
(
β(V )
)/(
β(V )⊗n
)= β(A)⊕ β(V )⊕ n−1⊕β(V )⊗k
k=2
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(
c−1V c
)/((
c−1V c
)⊗n)= c−1Ac⊕ c−1V c⊕ n−1⊕
k=2
(
c−1V c
)⊗n
,
which makes the following diagram commutative:
Tβ(A)
(
β(V )
)/(
β(V )⊗n
) η
ρˆ
Tc−1Ac
(
c−1V c
)/((
c−1V c
)⊗n)
γ
Λ/J = Λ/J.
Step 4. Therefore, combining equality β ◦ ρI = ρˆ ◦ βˆ , ρˆ = γ ◦ η and (c−1?c)−1 ◦ γ =
ρJ ◦ θ−1, we have the following commutative diagram
Λ
θ−1◦η◦βˆ
ρI
Λ
ρJ
Λ/I
(c−1?c)−1◦β
Λ/J.
Now, choose any element y ∈ ρ−1J (x) ⊆ radΛ and put cˆ = 1 − y . Then, we get the
commutative diagram
Λ
(cˆ−1?cˆ)
ρJ
Λ
ρJ
Λ/J
(c−1?c)
Λ/J.
Hence, the K-algebra automorphism
α = (cˆ−1?cˆ) ◦ θ−1 ◦ η ◦ βˆ
satisfies ρJ ◦ α = β ◦ ρJ as required. ✷
Corollary 14. Let f,g ∈QΛ for Λ= TA(V )/(V ⊗n). Assume that
Ann(f ),Ann(g)⊆ rad2 Λ.
Then, Λf ∼=Λg implies Λf
lift∼= Λg .
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Ann(f )⊆ rad2 Λ
is an element of Q(σ ) for some σ ∈AutK(Λ).
Proof. Let β ∈ AutK(Λf ) be the Nakayama automorphism corresponding to the isomor-
phism (f ?) :Λf →D(Λf ). Suppose σ ∈AutK(Λ) is a lifted automorphism with the com-
mutative diagram
Λ
σ
ρf
Λ
ρf
Λf
β
Λf ,
where ρf is the canonical projection map. Then, the composition map
(f ?) :Λ
ρf−→Λf (f ?)−−−→D(Λf ) D(ρf )−−−→D(Λ)
is a morphism from ΛΛΛ to σD(Λ)Λ and we have f ∈Q(σ ). ✷
For a natural number n, we put Λ= TA(V )/(V⊗n) and denote by An(A,V ) the set of
all representatives of K-algebra isomorphism classes of Frobenius algebras Γ satisfying
(1) Γ/ radΓ ∼= A, (2) radΓ/ rad2 Γ ∼= V , and (3) radn Γ = 0. By Corollaries 14 and 15,
any algebra Γ ∈An(A,V ) is isomorphic to Λf for some f ∈Q∗Λ with Ann(f )⊆ rad2 Λ,
therefore,An(A,V ) can be seen as a subset of the orbit space Q∗Λ/GΛ.
When an element f ∈ QΛ satisfies Ann(f ) ⊆ radΛ but Ann(f )  rad2 Λ, there is
a proper submodule AUA ⊆ AVA and Λf can be seen as a factor algebra of Λ′ =
TA(U)/(U
⊗n). Similarly, if the condition Ann(f )  radΛ is satisfied then Λf / radΛf
is isomorphic to a proper factor algebra B of Λ/ radΛ ∼= A which is K-separable, and
Λf can be seen as a factor algebra of TB(W)/(W⊗n) for some bimodule BWB . In other
words, in the case Ann(f ) rad2 Λ for an element f ∈QΛ, the algebra Λf is contained
in another set An(A′,V ′) for a K-separable algebra A′ and a bimodule A′V ′A′ .
For any σ ∈AutK(Λ), we define the subset Q#(σ )⊆Q(σ ) by
Q#(σ )= {f ∈Q(σ ) ∣∣ Ann(f )⊆ rad2 Λ}.
Denote by AutK(Λ)# the set of all automorphisms σ ∈AutK(Λ) such thatQ#(σ ) = ∅ and
put
Q#Λ =
⋃
#
Q#(σ ).
σ∈AutK(Λ)
652 T. Wakamatsu / Journal of Algebra 268 (2003) 636–652Then, it is obvious that Q#Λ is a GΛ-space and we have a bijection
An(A,V )∼=Q#Λ/GΛ.
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